Stage 2 Specialist Mathematics

Sample examination questions - 1




PART 1

Question 1 (6 marks)

Consider the curve with equation 2x> —4xy +16y? = 7, as shown in Figure 1.

y
3
Figure 1
o . dy y-—x
(&) Use implicit differentiation to show that i = 3 where 8y # X.
X 8y-—X
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(b) Hence find the exact coordinates of all points on the curve where the tangent to the curve
is horizontal.

(3 marks)
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Question 2 (7 marks)
Consider the polynomial P (X) =kx* +ax? +bx+c, where k, a, b, and ¢ are real constants.

The polynomial P(X) has zeros x =—1and x =1, and when P(x) is divided by (X - 2) the
remainder is 4.

(a) Show that an augmented matrix for the coefficients a, b, and ¢ can be written as:

1 -11: -k
11 1: -k |
4 2 1 4-16k

(2 marks)
(b) Find a, b, and c in terms of k, clearly stating all row operations.

(3 marks)
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(c) Find the polynomial P(x)when k =—1.

(2 marks)
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Question 3 (6 marks)

(@ (i) Wwrite J2 +iv/2 i polar form.

(2 mark)
(i) Write J2-iv2in polar form.
(2 mark)
m
J2+iv2 )
(b) () Writez= - in simplest polar form, where m and n are integers.
V2-iV2)
(2 marks)
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(i) State a positive integer value for m and a positive integer value for n such that z is real.

(2 mark)

(iii) State a positive integer value for m and a positive integer value for n such that z is purely
imaginary.

(2 mark)
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Question 4 (6 marks)

(a) If the vector p=|py, p,], show that pp =| p\z.

(1 mark)

(b) Triangle ABC is isosceles with sides AB and CB of equal length. A line is drawn from B to meet
AC at right angles at point O, as shown in Figure 2.

A

C
B
Figure 2
LetOA=a, OB =b, and OC =c.
(i) Find the value of a «b.
(2 mark)
(i) Write AB and CB in terms of a, b, and c.
(2 mark)
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(iii) Show that |b—al* = b* + [a”.

(2 mark)
(iv) Using the fact that ‘NB" = ‘CTS , show that O is the mid-point of AC.
(2 marks)
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Question 5 (8 marks)

In a compost heap, organic material is left to Image removed

decompose. As the material decomposes, the
mass of the compost heap changes. The rate of
change of the mass of the compost heap can be
modelled by the differential equation

dM

dt

where M is the mass of the material in kilograms
and t is the time in days.

=-0.02M

(@) 1fM=230att=0, solve the differential equation.
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If a compost heap is not treated with air and water, the temperature within the compost heap
will increase.

The rate of change of the temperature within a compost heap that is not treated with air and water can
be modelled by the differential equation

T _ 1 p5e-oos
dt

where T is the temperature within the compost heap in degrees Celsius (°C) and t is the time in days.

(b) If T=22att=0, solve the differential equation to show that T =—25e %%t 1+ 47,

(3 marks)
(c) If the temperature within the compost heap increases to 40°C, a fire may start within the
compost heap.
() Atwhat time, t, is the temperature within the compost heap 40°C?
(1 mark)
(i) Find the mass of the compost heap at this time.
(1 mark)
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Question 6 (8 marks)

(a) Use mathematical induction to prove that

31

(1+3)(1+3%)(1+3%) ... (1+32”‘l) 5

for all positive integers n.

(6 marks)
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(b) Hence simplify (1+ 34)(1+ 38) (1+ 3128).

(2 marks)
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Question 7 (7 marks)

A cone is formed as grain is poured into a large /\
cylindrical container of fixed radius.

The volume of the cone of grain in cubic metres w
is given by

\Y; =;7rh3tan29

where h is the height of the cone in metres and
0 (in radians) is the angle shown in Figure 3.

Note that V, h, and 0 are all functions of time.

Figure 3

(@) Show that v _1 p (Zh tan0sec?9 99 + 39" tan2 Gj.
d 3 dt dt

(3 marks)
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(b) Consider the instant when 6 = z radians and V = 3r cubic metres.

() Find h at this instant.

(2 mark)

do
(i) At this instant, s = % radians per second and the height of the cone is decreasing at

approximately 1.81 metres per second.

_av
Find —.
dt
(3 marks)
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Question 8 (8 marks)

(2) Find the distance between the point with coordinates (6, 3, —4) and the plane with equation
2X+Yy—2z=6.

(2 marks)
(b) () Forreal numbers a, b, c, r, and g, where a # 0, show that:
. r . . .
(1) the point P(, 0, Oj is on the plane with equation ax+by+cz=r.
a
(2 mark)
(2) the distance between P and the plane with equation ax+by +cz =(qis
r-d
Jva?+b?+c?
(2 marks)
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(i) Find the distance between the plane with equation ax-+by +cz =r and the plane with
equation ax +by +cz=q.

(2 mark)

(c) If the distance between the plane with equation 2x+ y — 2z = 6 and the plane with equation
2x+Yy—2z=Xkis 12, find the possible values of k.

(2 marks)
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Question 9 (9 marks)

2
(x=1)(x+1)

Clearly show the behaviour of the function near the asymptotes.

(a) On the axes in Figure 4, sketch the graph of f (x)=

>

Figure 4 (3 marks)

2 1 1
(B) Showthat () (x+1) " (x=1) _ (x+1)’

(1 mark)
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(c) Henceshowthat(f(x))zz L n 1 1 1

(-1 (sl (x-D) " (x+1)

(2 mark)

(d) Find the exact volume of the solid that is obtained when the region bounded by the graph of f (X)
and the x-axis on the interval [2, 3] is rotated about the X-axis.

(4 marks)
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Question 10 (10 marks)

Figure 5 shows part of a circle of radius 52 in the complex plane. The centre of the circle is at
c=-47+21i.

im(2)

—

o Re (z)

Figure 5

(&) Write down an equation in terms of z that describes exactly all complex numbers that lie on
the circle.

(2 marks)
(b) () Calculate [c| correct to three decimal places.
(1 mark)
(i) Explain why the circle, if drawn completely, will cut the positive real axis.
(2 marks)
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(c) Suppose the circle cuts the positive real axis at w.

Use the triangle inequality for the triangle with vertices at O, ¢, and w to show that \W\ >0.52.

(3 marks)
(d) Use the equation of the circle to find the value of w.

(2 marks)
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(15 marks)

Question 11

(a) One fish tank contains 30 fish. The growth

rate of this population of fish can be

modelled by

dpP P 270-P

dt 270
where P is the number of fish, tis time
in days, and k is a real constant.

(i) On the slope field in Figure 6, draw the solution curve for P starting at the point (O, 30).

—
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(3 marks)

Figure 6
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1270
270-P  P(270-P)

(iiy Show that é +

(1 mark)

(iii) Initially there are 30 fish in the fish tank. Use integration to solve the differential equation

szkP(27O—P)
dt 270

270
and show that P = ———-.
1+8e
(5 marks)
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(b) At the same time, a different population of fish in another fish tank is observed.

The growth rate of this population is modelled by the differential equation

dB:(B_?’O)[l—OAtj
dt t

where B is the number of fish and t is time in days.

(i) fB= 30(5e_2 +1) when t =5, use integration to solve the differential equation and show that

B= 30(te‘°"” +1).

(4 marks)
. . . . 270
(i) The equation for population P is P =
1+8e
Find the limiting size of population P and population B ast — .
(2 marks)
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Question 12 (15 marks)

Figure 7 shows the points A(2,1,4), B(4,-1,0), and C(5,-1,2) on the plane P,.

A(2,1,4)
) C(5,-1,2) R
B(4,-1,0)
Figure 7
(@ (i) Find AB xAC.
(2 marks)
(i) Find the area of triangle ABC.
(2 marks)
(i) Show that the equation of B is 2x+4y—z=4.
(2 marks)
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(b) (i) The equation of P is 2x+4y—z=4.

Show that the parametric equations of the normal to P, through A(2,1, 4) are

X=2+2t
y=1+4t where tis a parameter.
z=4-t

(2 mark)

(i) P,is a plane with equation 2X+4y —z = 25.

Show that the normal to P, through A intersects P, at A'(4,5,3).

(2 marks)

(iii) Find where the normals to P, through B and C intersect P,. Name these points B" and C’
respectively.

(2 marks)
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(iv) Find the area of triangle A'B'C’.

(2 mark)

(c) P;is aplane with equation 2X —z = 25. The normals to P, through A, B, and C intersect P; at
points A", B”, and C" respectively.

Is the area of triangle A"B"C" the same as, less than, or greater than the area of triangle ABC?
Explain your answer.

(3 marks)
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Question 13 (15 marks)

(@ (i) Solve the equation z° =1. Write the three solutions in polar form.

(2 marks)
(i) Draw the solutions on the Argand diagram in Figure 8, labelling each solution in an
anticlockwise direction ¢y, a,, and a3, where o is real.
im(:)
> >Re(2)
4
Figure 8 (2 marks)
(iiiy Explain why o, lies on the line with equation |z —ay| = |z —az5.
(1 mark)
(iv) Evaluate oy +a, +as.
(1 mark)
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(v) Evaluate |oy|+|orp|+ o).

(1 mark)
(vi) Find the exact value of ‘az —ag‘.
(1 mark)
(b) Consider the equation (W—1)3 =1.
() Show that the solutions to this equation are W, =1+oy, W, =1+a,, and Wy =1+a;,
where a4, a,, and o are the solutions to the equation z =1, asin part (a).
(1 mark)
(i) Draw the solutions of (W—l)3 =1on the Argand diagram in Figure 9.
im(:)
< ¢ > Re (z)
4
Figure 9 (2 marks)
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(iiiy Show that W, and w, lie on the line Re(z) =

N~

(2 mark)
(iv) Evaluate [w,|+|w,|+|ws|.
(2 mark)
(v) Find the exact value of [Wy — W, |+|W, — Wg|+|w; —w .
(2 marks)
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Question 14 (15 marks)

(a) Figure 10 shows the graph of the function f (x)= arccos()z(j for 2<x<2.

y
3
_—
ki
2
: X
-2 2
Figure 10
(i) State why f (x)for —2<x <2 has an inverse function.
(2 mark)
(ii) Find the equation of f ~*(X).
(2 marks)
(ii)y State the range of f ~*(x).
(1 mark)
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(b) Ify= arccos(;j then g — COSY.

L - d -1
Hence use implicit differentiation to show that d—y =

X J4-x2
(3 marks)
. X
(c) Find szx.
V4—x
(2 marks)
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(d) (i) Use integration by parts to show that

X X .
Jarccos(zj dx = Xarccos(zj —\4- x> + c, where C is a constant.

(3 marks)

X
(i) Hence find the exact area between the graph of y =arccos (j the x-axis, and the lines
X=-2and X=2. 2

(3 marks)
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Question 15 (15 marks)

The following parametric equations describe the
path of an ice-skater:

{x(t) =3cost

y(t)=4sin2t

where the parameter t is time and 0 <t < 27.

(8) On the axes in Figure 11, draw the parametric curve that describes the path of the ice-skater.

>

Figure 11 (3 marks)

(b) (i) Find the velocity vector v of the ice-skater at time t.

(2 marks)

(i) On the curve that you drew in part (a), draw the velocity vector att = % (2 marks)
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. . " 5
(c) The ice-skater skates through position P, at t = % and position P, at t = Tﬂ

(i) On the curve that you drew in part (a), mark P, and P,. (2 mark)

(i) Show that the speed of the ice-skater is given by S = \/9Sin2 t+64c0s%2t.

(2 mark)

(i) Hence find the distance that the ice-skater travels while skating from P, to P,.

(2 marks)

(iv) Find the maximum speed and the minimum speed of the ice-skater, and the times at which
these occur.

(4 marks)
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